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Abstract
For a natural number m  0, a map f :X → Y from a compactum X to a metric space Y is an
m-dimensional Lelek map if the union of all non-trivial continua contained in the fibers of f is of
dimension m. In [M. Levin, Certain finite-dimensional maps and their application to hyperspaces,
Israel J. Math. 105 (1998) 257–262], Levin proved that in the space C(X, I) of all maps of an
n-dimensional compactum X to the unit interval I = [0,1], almost all maps are (n− 1)-dimensional
Lelek maps. Moreover, he showed that in the space C(X, Ik) of all maps of an n-dimensional com-
pactum X to the k-dimensional cube Ik (k  1), almost all maps are (n − k)-dimensional Lelek
maps. In this paper, we generalize Levin’s result. For any (separable) metric space Y , we define
the piecewise embedding dimension ped(Y ) of Y and we prove that in the space C(X,Y ) of all
maps of an n-dimensional compactum X to a complete metric ANR Y , almost all maps are (n− k)-
dimensional Lelek maps, where k = ped(Y ). As a corollary, we prove that in the space C(X,Y )
of all maps of an n-dimensional compactum X to a Peano curve Y , almost all maps are (n − 1)-
dimensional Lelek maps and in the space C(X,M) of all maps of an n-dimensional compactum X
to a k-dimensional Menger manifold M , almost all maps are (n − k)-dimensional Lelek maps. It is
known that k-dimensional Lelek maps are k-dimensional maps for k  0.
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All spaces considered in this paper are assumed to be separable metric spaces. Maps
are continuous functions. Let I = [0,1] be the unit interval. By a compactum we mean
a nonempty compact metric space. A continuum is a connected compactum. For a com-
pactum X and a space Y , let C(X,Y ) be the space of all maps f :X → Y with the usual
sup-metric. A map f :X → Y from a compactum X to a space Y is an n-dimensional map
(n 0) if for each y ∈ Y dimf−1(y) n, where dimZ denotes the topological dimension
of a space Z (see [2]). Let m ∈ Z = {0,±1,±2, . . .}. For m  1, a map f :X → Y from
a compactum X to a space Y is an m-dimensional Lelek map (see [4]) if the union of all
non-trivial continua contained in the fibers of f is of dimension m. In case m  0, for
convenience sake, a map f :X → Y is an m-dimensional Lelek map if and only if f is
a 0-dimensional map.
If f :X → Y is an m-dimensional Lelek map for m  0, then f is also an m-
dimensional map, because that each component of f−1(y) is at most m-dimensional and
hence dimf−1(y)m for each y ∈ Y . For a compactum X with dimX = n and a space Y ,
let Lm(X,Y ) be the set of all m-dimensional Lelek maps from X to Y (m ∈ Z).
In [3], Lelek constructed an n-dimensional Lelek map from In+1 onto a dendrite. In [4],
Levin proved that for a compactum X with dimX = n, Ln−1(X, I) is a dense Gδ-subset
of C(X, I) and by using the product structure of I k and the induction on k, he showed that
Ln−k(X, I k) is a dense Gδ-subset of C(X, Ik).
In this paper, we will generalize Levin’s result of I k to polyhedra and other spaces.
First, for any space Y we define the piecewise embedding dimension ped(Y ) of Y and we
prove that for a compactum X with dimX = n and a complete metric ANR Y , Ln−k(X,Y )
is a dense Gδ-subset of C(X,Y ), where k = ped(Y ). By the arguments of general position,
we know that ped(I k) = k.
As a corollary, we show that in the space C(X,Y ) of all maps of an n-dimensional com-
pactum X to a Peano curve Y , almost all maps are (n− 1)-dimensional Lelek maps, and in
the space C(X,M) of all maps of an n-dimensional compactum X to any k-dimensional
Menger manifold M , almost all maps are (n − k)-dimensional Lelek maps. Also, we in-
vestigate surjective Lelek maps from continua to polyhedra and other spaces.
2. Lelek maps to polyhedra
A map ϕ :P → Y from a finite polyhedron P to a space Y is a piecewise embed-
ding if there is a simplicial complex K with P = |K| such that for each simplex σ ∈ K ,
ϕ|σ :σ → Y is an embedding and ϕ(P ) is an ANR. Note that dimϕ(P ) = dimP . Let
N = {0,1,2, . . .} be the set of natural numbers.
For a space Y , let ped(Y ) be the maximal number k ∈ N satisfying the following condi-
tion: If ε > 0 and g :P → Y is any map from any finite polyhedron P to Y with dimP  k,
there is a piecewise embedding ϕ :P → Y such that d(g,ϕ) ε. We say that ped(Y ) is the
piecewise embedding dimension of Y .
We see that if X is a compactum with dimX = k  0 and Y is a complete metric ANR
with ped(Y ) = k, almost all maps in C(X,Y ) are 0-dimensional (see Proposition 2.1). Note
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Menger manifold (see [1]), ped(M) = k. For each y ∈ Y , put
pedy(Y ) = max
{
ped(U) | U is a neighborhood of y in Y}.
Note that ped(Y )  min{pedy(Y ) | y ∈ Y }. The notions of ped(Y ) and pedy(Y ) are
useful for the case that Y = P is a polyhedron. In this case, piecewise embeddings may be
taken as PL maps and we may determine ped(P ) and pedy(P ) for each y ∈ P .
Example. Let P be a polyhedron as follows. Then we can calculate ped(Y ) = 1 and
pedy(P ) for each y ∈ P .
Let f :X → Y be a map from a compactum X to a space Y . For each a > 0, let F(f, a)
be the union of components A of the fibers with diam(A) a, and put
F(f ) =
∞⋃
i=1
F(f,1/i).
Note that F(f, a) is closed and hence F(f ) is an Fσ -set. Clearly, f :X → Y is an n-
dimensional Lelek map (n 0) if and only if dimF(f ) n.
Proposition 2.1. Suppose that Y is a complete metric ANR with ped(Y )  k  0. Let
X be a k-dimensional compactum. If g :X → Y is a map, then for any ε > 0 there is
a 0-dimensional map g˜ :X → Y such that d(g˜, g) < ε. Moreover, the space of all 0-
dimensional maps f :X → Y from X to Y is a Gδ-dense subset of C(X,Y ).
Proof. For ε > 0, let C(X,Y ; ε) be the set of all maps f :X → Y such that if y ∈ Y and
C is a component of f−1(y), then diam(C) < ε. Note that C(X,Y ; ε) is an open set of
C(X,Y ). Let g ∈ C(X,Y ). Since Y is an ANR, for any ε > 0 there are maps p :X → P
and q :P → Y such that P is a finite polyhedron with dimP  k, d(g, q · p) < ε and p
is an ε-map, that is, diam(p−1(z)) < ε for each z ∈ P . Since ped(Y ) k, we may assume
that q is a 0-dimensional map. Then we see that q · p ∈ C(X,Y ; ε) and hence C(X,Y ; ε)
is an open dense subset of C(X,Y ). Put
H =
∞⋂
C(X,Y ;1/i).
i=1
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dense Gδ-subset of C(X,Y ). 
Next, we prove the following theorem. In the statement of the theorem, the case that
Z is 0-dimensional and Y = I (= [0,1]) has been proved by Levin [4, Proposition 2.2,
Proof B].
Theorem 2.2. Let Y be a complete metric ANR and ped(Y )  k  1. Suppose that Z is
a closed subset of a compactum X with dimZ  k − 1. Then for almost all maps g in
C(X,Y ), Z is contained in the union of trivial components of the fibers of g.
Proof. Let f ∈ C(X,Y ) and ε > 0. Since dimZ  k − 1 and Y is an ANR, for any δ > 0
there exist an ε-map κ from Z to a finite polyhedron P with dimP  k − 1 and a map
s :P → Y such that d(f |Z, s · κ) < δ. Since ped(Y ) k, we may assume that s :P → Y
is a piecewise embedding and s(P ) is a (k − 1)-dimensional ANR. Note that for each
y ∈ g ·κ(Z), the diameter of each component of (s ·κ)−1(y) is < ε. Since Y is an ANR, by
the homotopy extension theorem we see that there is an extension κ˜ :X → Y of s · κ . We
may assume that d(κ˜, f ) < δ. Since s(P ) is a compact ANR with dim s(P ) k − 1, there
is an open neighborhood V of s(P ) in Y and a retraction r :V → s(P ). Put U = κ˜−1(V ).
Then U is an open neighborhood of Z in X. Let α :X → I = [0,1] be a map such that
α−1(0) = Z and α−1(1) = X −U . Define a map ϕ :U → s(P )× I by
ϕ(x) = (r · κ˜(x),α(x))
for x ∈ U . Since s(P ) × I is at most k-dimensional, by Proposition 2.1 there is a 0-
dimensional map h : s(P ) × I → Y such that h is sufficiently near to the projection
p : s(P )×I → s(P ) ⊂ Y . We may assume that h ·ϕ :U → Y and f |U are sufficiently near.
By the homotopy extension theorem, we may assume that there is an extension g :X → Y
of h · ϕ such that d(f,g) < δ.
Let C be any subcontinuum of g−1(y) for some y ∈ Y . Suppose that Z ∩ C = ∅.
Then g(C) = y ∈ g(Z). In this case, we prove that C ⊂ Z. Suppose, on the contrary,
that C − Z = ∅. Since C is a continuum, there is a subcontinuum C′ ⊂ C ∩ U such that
C′ ∩ Z = ∅ and C′ − Z = ∅. By the property of α :U → I , we see that ϕ(C′) is a non-
degenerate continuum. Since h : s(P )× I → Y is a 0-dimensional map, g(C′) = h · ϕ(C′)
is nondegenerate. This is a contradiction. Hence C ⊂ Z. Since g|Z = h · s · κ and κ is an
ε-map, we see diam C < ε.
Put
H(Z,ε) = {f ∈ C(X,Y ) | F(f, ε)∩Z = ∅}.
Then g ∈ H(Z,ε). Note that H(Z,ε) is an open set. Hence we see that H(Z,ε) is an
open dense subset of C(X,Y ). Put
H =
∞⋂
i=1
H(Z,1/i).
If g ∈ H , F(g) ∩ Z = ∅. Also, we see that H is the set of all maps g :X → Y such that
Z is contained in the union of trivial components of the fibers of g. Then H is a dense
Gδ-subset of C(X,Y ). This completes the proof. 
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Proposition 2.3. Let X be a compactum and let Y be a complete metric space. For every
natural number n > 0, the n-dimensional Lelek maps form a Gδ-subset of C(X,Y ).
The main result in this paper is the following.
Theorem 2.4. Let Y be a complete metric ANR with ped(Y )  k  0. Suppose that X is
an n-dimensional compactum. Then the set L(n−k)(X,Y ) of all (n− k)-dimensional Lelek
maps from X to Y is a Gδ-dense subset of C(X,Y ).
Proof. By the decomposition theorem of dimension theory (see [2, 1.5.7, p. 33]), there
are subsets F1,F2, . . . ,Fn+1 of X such that each Fi is 0-dimensional and X =⋃n+1i=1 Fi .
By the enlargement theorem of dimension theory (see [2, 1.5.11]), for each i there is a
Gδ-subset F ∗i of X such that dimF ∗i = 0, Fi ⊂ F ∗i . Put M∗ =
⋃n−k+1
i=1 F ∗i . Then M∗ is
(n − k)-dimensional and a Gδ-subset of X. Put Z = X − M∗. Then Z is an Fσ -set and
(k − 1)-dimensional. Note that dim(X − Z) = n − k. Put Z =⋃∞i=1 Zi , where each Zi is
a closed subset of X. Put
H(Zi,1/j) =
{
f ∈ C(X,Y ) | F(f,1/j)∩Zi = ∅
}
and
L =
⋂
i,j∈N
H(Zi,1/j).
By the proof of Theorem 2.2, L is a dense Gδ-subset of C(X,Y ). If f ∈ L, F(f ) does not
meet Zi for each i. This implies that F(f ) ⊂ X − Z and hence dimF(f ) n − k. Note
that L ⊂ L(n−k)(X,Y ). By Proposition 2.3, L(n−k)(X,Y ) is a Gδ-dense subset of C(X,Y ).
This completes the proof. 
Suppose that Y is a space and X is a compactum with dimX = n. Let L(X,Y ) be the
set of all maps f :X → Y satisfying the following condition (∗);
(∗) for each y ∈ Y , there is a neighborhood U of y in Y such that the restriction
f |f−1(Cl(U)) :f−1(Cl(U)) → Cl(U) of f to f−1(Cl(U)) is an (n − pedy(Y ))-
dimensional Lelek map.
As a more precise result than Theorem 2.4, we obtain the following theorem.
Theorem 2.5. Let Y be a complete metric ANR and X a compactum with dimX = n. Then
L(X,Y ) is a Gδ-dense subset of C(X,Y ).
Proof. Let U = {Ui | i = 1,2, . . .} be an open countable base of Y . Put [U] = {(U,V ) ∈
U × U | Cl(U) ⊂ V }. Let (U,V ) ∈ [U] and k = ped(V ). Let H(U,V ) be the set
of all maps g :X → Y such that g|g−1(Cl(U)) :g−1(Cl(U)) → Cl(U) is an (n − k)-
dimensional Lelek map. Let Z(k) =⋃∞ Zi be a (k − 1)-dimensional Fσ -set of X suchi=1
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closed neighborhood W of Cl(U) in V and ε > 0 such that if g ∈ C(X,Y ) with d(f,g) < ε,
then g(f−1(Cl(U))) ⊂ W . Put Fi = Zi ∩ f−1(W) for each i. Since ped(V ) = k and
dimFi  k − 1, by Theorem 2.2 there is a map g′ :f−1(W) → V such that f |f−1(W)
and g′ are sufficiently near and F(g′) ∩ (⋃∞i=1 Fi) = ∅. By the homotopy extension the-
orem, we have an extension g :X → Y of g′ such that f and g are sufficiently near and
hence g−1(Cl(U)) ⊂ f−1(W).
We will prove that g|g−1(Cl(U)) :g−1(Cl(U)) → Cl(U) is an (n − k)-dimensional
Lelek map. Let y ∈ Cl(U) and let C be a nondegenerate subcontinuum of g−1(y) =
g′−1(y). Since C ⊂ f−1(W), we see that
C ∩Zi = C ∩
(
f−1(W)∩Zi
)= C ∩ Fi = ∅.
Hence F(g|g−1(Cl(U)))∩Z(k) = ∅ and dimF(g|g−1(Cl(U))) n− k. Then we see that
H(U,V ) is a dense subset of C(X,Y ).
For a, b > 0 and (U,V ) ∈ [U], put
(U,V )(a,b) =
{
f ∈ C(X,Y ) | dn−k+1
(
F
(
f |f−1(Cl(U), a)))< b},
where ped(V ) = k and dm+1(A) < b if there is an open cover W of A with meshW < b
and ordW m. Note that (U,V )(a,b) is an open set of C(X,Y ). For each (U,V ) ∈ [U],
H(U,V ) =
⋂{
(U,V )(1/i,1/j) | i, j = 1,2,3, . . .
}
.
Hence H(U,V ) is a Gδ subset of C(X,Y ).
Then
L(X,Y ) =
⋂{
H(U,V ) | (U,V ) ∈ [U]}.
Hence L(X,Y ) is a dense Gδ-subset of C(X,Y ). This completes the proof. 
Corollary 2.6. Let Y be a complete metric ANR and X a compactum with dimX = n. If f ∈
C(X,Y ) and ε > 0, then there is a map g :X → Y such that d(f,g) < ε and dimg−1(y)
max{0, n− pedy(Y )} for each y ∈ Y .
Corollary 2.7. Let X be a compactum with dimX = n and let Y be a nondegenerate Peano
curve (= locally connected 1-dimensional continuum). Then Ln−1(X,Y ) is a Gδ-dense
subset of C(X,Y ).
Proof. Since Y is a Peano curve, for each ε > 0 there is a finite connected graph G
and (onto) maps u :Y → G and v :G → Y such that v is a 0-dimensional map and
d(v · u, idY ) < ε. Note that G is an ANR and ped(G) = 1. By Theorem 2.2, we can easily
prove that Ln−1(X,Y ) is a dense Gδ-subset of C(X,Y ). 
Corollary 2.8. Let X be a compactum with dimX = n and let M be a k-dimensional
Menger manifold (k  1). Then Ln−k(X,M) is a Gδ-dense subset of C(X,Y ).
Proof. Since M is a k-dimensional Menger manifold, for each ε > 0 there is a k-
dimensional polyhedron P ⊂ M with ped(P ) = k and maps u :M → P and v :P → M
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Theorem 2.2, we can easily see that Ln−k(X,M) is a dense subset of C(X,Y ). 
Also, we have the following corollary.
Corollary 2.9. Let M be a k-dimensional Menger manifold (k  1). Suppose that Z is
a closed subset of a compactum X with dimZ  k − 1. Then for almost all maps g in
C(X,M), Z is contained in the union of trivial components of the fibers of g.
3. Surjective Lelek maps
In this section, we investigate the existence of surjective Lelek maps from continua
to polyhedra and other spaces. Let X and Y be compacta. Let CS(X,Y ) be the subset of
C(X,Y ) which consists of all surjective maps from X to Y . Note that CS(X,Y ) is a closed
subset of C(X,Y ). Also, let LS,m(X,Y ) be the set of all surjective m-dimensional Lelek
maps in CS(X,Y ).
First, we have the following proposition (cf. Proposition 2.1). The proof is obtained by
modifying a proof of Dugundji extension theorem (see [5, Proposition 5]).
Proposition 3.1. Suppose that Y is an n-simplex. Let X be an n-dimensional compactum
and A a closed subset of X. If g :X → Y is a map such that g|A :A → Y is a 0-dimensional
map, then for any ε > 0 there is a 0-dimensional map g˜ :X → Y such that g˜ is an extension
of g|A and d(g˜, g) < ε.
Now, we prove the following theorem.
Theorem 3.2. Let X be a nondegenerate continuum with dimX = n and let P be a finite
connected polyhedron with ped(P )  k. Then the set LS,n−k(X,P ) is a Gδ-dense subset
of CS(X,P ).
Proof. Let f ∈ CS(X,P ) and let ε > 0. Choose a simplicial complex K of P such that
mesh(K) is sufficiently small. By Theorem 2.2, there is an (n− k)-dimensional Lelek map
g :X → P such that d(f,g) < ε/2 and for each principal simplex T of K , g(X) intersects
the interior (T − ∂T ) of T . Recall that a simplex T ∈ K is principal provided that it is not
a proper face of some simplex of K . Let T ∈ K be a principal simplex of K . Since g(X)
is a continuum, we can take a Cantor set C in g(X) ∩ (T − ∂T ). Put E = T ∩ g(X) and
F = (∂T ∩ g(X)) ∪ C. Take a surjective map s :C → T . Define the map h :F → T by
h(x) = x for x ∈ ∂T ∩ g(X), and h(x) = s(x) for x ∈ C. Note that h is a 0-dimensional
map and dimE  dimT . By Proposition 3.1, we obtain a 0-dimensional surjective map
h˜T :E → T with h˜T |F = h. By using the map h˜T for each principal simplex T of K ,
we obtain a 0-dimensional surjective map ψ :g(X) → P such that d(ψ, idP ) < ε/2. Put
g′ = ψ · g :X → P . Then d(f,g′) < ε. Hence g′ is a desired surjective Lelek map. This
completes the proof. 
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the set LS,n−1(X,Y ) is a Gδ-dense subset in CS(X,Y ).
Also, we have the following proposition (see [5, Proposition 5]).
Proposition 3.4. Let X be a k-dimensional compactum and A a closed subset of X. Let M
be a k-dimensional Menger manifold. If g :X → M is a map such that g|A :A → M is a
0-dimensional map, then for any ε > 0 there is a 0-dimensional map g˜ :X → M such that
g˜ is an extension of g|A and d(g˜, g) < ε.
Finally, we have the following result.
Corollary 3.5. Let M be a k-dimensional Menger manifold with k  1 and let X be a con-
tinuum with dimX = n. Then LS,n−k(X,M) is a Gδ-dense subset in CS(X,M).
Proof. We know that for each ε > 0, there is a k-dimensional polyhedron P with
ped(P ) = k, a retraction u :M → P and a 0-dimensional map v :P → M such that
d(v · u, idM) < ε. By Proposition 3.4, we may assume that v :P → M is a surjective map
(see also the proof of Theorem 3.2). By Theorem 3.2, we can easily see that LS,n−k(X,M)
is a dense Gδ-subset of CS(X,Y ). 
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